Stochastic Heating, Differential Flow, and the Alpha-to-Proton
  Temperature Ratio in the Solar Wind by Chandran, B. D. G. et al.
ar
X
iv
:1
30
7.
80
90
v1
  [
as
tro
-p
h.S
R]
  3
0 J
ul 
20
13
DRAFT VERSION JUNE 4, 2018
Preprint typeset using LATEX style emulateapj v. 5/2/11
STOCHASTIC HEATING, DIFFERENTIAL FLOW, AND THE ALPHA-TO-PROTON TEMPERATURE RATIO IN THE
SOLAR WIND
B. D. G. CHANDRAN1,4 , D. VERSCHAREN1, E. QUATAERT2 , J. C. KASPER3 , P. A. ISENBERG1, & S. BOUROUAINE1
Draft version June 4, 2018
ABSTRACT
We extend previous theories of stochastic ion heating to account for the motion of ions along the mag-
netic field B. We derive an analytic expression for the temperature ratio T⊥i/T⊥p in the solar wind assuming
that stochastic heating is the dominant ion heating mechanism, where T⊥i is the perpendicular temperature of
species i and T⊥p is the perpendicular proton temperature. This expression describes how T⊥i/T⊥p depends
upon Ui and β‖p, where Ui is the average velocity along B of species i in the proton frame and β‖p is the ratio
of the parallel proton pressure to the magnetic pressure, which we take to be . 1. We compare our model
with previously published measurements of alpha particles and protons from the Wind spacecraft. We find
that stochastic heating offers a promising explanation for the dependence of T⊥α/T⊥p on Uα and β‖p when the
fractional cross helicity and Alfve´n ratio at the proton-gyroradius scale have values that are broadly consistent
with solar-wind measurements. We also predict how the temperatures of other ion species depend on their
drift speeds.
Subject headings: solar wind — Sun: corona — turbulence — waves
1. INTRODUCTION
As solar-wind plasma flows away from the Sun, it moves
into regions of progressively weaker magnetic field. If the
magnetic moments µ of solar-wind ions were conserved, then
the perpendicular temperature T⊥ of each ion species would
be a strongly decreasing function of heliocentric distance r.
However, in situ spacecraft measurements show that T⊥ de-
creases much more slowly with r than µ conservation would
imply, indicating that ions undergo some form of perpendicu-
lar heating (Marsch et al. 1982a,b; Kohl et al. 1998).
One model for explaining this heating invokes res-
onant cyclotron heating by Alfve´n/ion-cyclotron (A/IC)
waves (Hollweg & Isenberg 2002). Cyclotron heating
violates µ conservation and offers a possible expla-
nation for the observed preferential heating of minor
ions (Isenberg & Vasquez 2007) as well as the shape of the
core of the proton velocity distribution in fast-solar-wind
streams (Galinsky & Shevchenko 2000; Isenberg et al. 2001;
Marsch et al. 2004; Isenberg & Vasquez 2011). The primary
difficulty faced by cyclotron-heating models is that it is not
clear that high-frequency A/IC waves can be produced in
sufficient quantities to explain the levels of proton heating
that are observed. Early studies postulated that a turbulent
cascade efficiently transfers the energy of non-compressive,
magnetohydrodynamic (MHD) fluctuations from large scales
to small scales and from low frequencies to high fre-
quencies (Isenberg & Hollweg 1983; Isenberg 1984; Tu et al.
1984; Hollweg 1986; Hollweg & Johnson 1988). Since
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there is abundant energy in non-compressive, large-scale,
MHD-like fluctuations in the solar wind (Belcher & Davis
1971), such a cascade would lead to substantial energy
in high-frequency A/IC waves. Theoretical and numer-
ical investigations, however, have shown that the energy
of non-compressive MHD fluctuations cascades primarily
to smaller λ⊥ and only weakly to smaller λ‖, where λ⊥
and λ‖ are lengthscales perpendicular and parallel to the
magnetic field B (Shebalin et al. 1983; Goldreich & Sridhar
1995; Maron & Goldreich 2001). Since the linear Alfve´n
wave frequency is ∼ vA/λ‖, where vA is the Alfve´n speed,
the absence of an efficient cascade to small λ‖ implies that
the cascade of energy from low frequency to high frequency
is inefficient.
An alternative mechanism for generating high-frequency
A/IC waves is through a turbulent cascade involving compres-
sive magnetosonic waves. The energy of fast magnetosonic
waves (“fast waves”) cascades radially in wavenumber space,
from low frequency to high frequency (Cho & Lazarian
2002). When the angle between the wavevector and
the background magnetic field is small, high-frequency
fast waves efficiently generate high-frequency Alfve´n
waves (Chandran 2005, 2008b). While these mechanisms
could potentially be important in the corona (Li & Habbal
2001; Cranmer & van Ballegooijen 2012), the observed anti-
correlation between density fluctuations and magnetic-field-
strength fluctuations in the solar wind at 1 AU implies that
fast waves comprise only a tiny fraction of the energy of
the turbulence (Yao et al. 2011; Howes et al. 2012). This ob-
servational finding makes it unlikely that a fast-wave cas-
cade can be a significant source of high-frequency fluctua-
tions in the near-Earth solar wind. Another source of high-
frequency A/IC waves is plasma instabilities (Kasper et al.
2002; Hellinger et al. 2006; Matteini et al. 2007; Bale et al.
2009; Wicks et al. 2010). Instabilities driven by proton beams
or alpha-particle beams could thermalize the beam energy
and lead to substantial perpendicular ion heating (Gary et al.
2000; Hellinger & Tra´vnı´cˇek 2011; Verscharen & Chandran
22013). The extent to which beam-driven instabilities con-
tribute to perpendicular ion heating in the solar wind remains
an open question.
Dissipation of low-frequency turbulence, rather than high-
frequency A/IC waves, offers an alternative explanation for
perpendicular ion heating in the solar wind. As men-
tioned previously, most of the fluctuation energy at small
scales in solar-wind turbulence is believed to consist of
non-compressive fluctuations with λ⊥≪ λ‖ (Matthaeus et al.
1990; Bieber et al. 1994; Chen et al. 2012). If the dissipa-
tion of such fluctuations at small scales proceeded via lin-
ear wave damping, the result would be parallel ion heat-
ing and parallel electron heating rather than perpendicu-
lar ion heating (Quataert 1998). On the other hand, a
number of studies have shown that the dissipation of low-
frequency turbulence via nonlinear mechanisms can vio-
late µ conservation (Dmitruk et al. 2004; Parashar et al. 2009;
Servidio et al. 2012). One such mechanism is stochas-
tic heating (McChesney et al. 1987; Karimabadi et al. 1994;
Chen et al. 2001; Johnson & Cheng 2001; Chaston et al.
2004; Fiksel et al. 2009; Bourouaine & Chandran 2013). In
stochastic ion heating, fluctuations at scales comparable to
the ion gyroradii cause ion orbits to become disordered or
stochastic in the plane perpendicular toB, violating one of the
preconditions for µ conservation (Kruskal 1962). The interac-
tions of such ions with the time-varying electric field cause
ions to diffuse in perpendicular kinetic energy, leading to per-
pendicular heating.
Recently, Kasper et al. (2013) (hereafter K13) presented
detailed observations of the alpha-to-proton perpendicular
temperature ratio T⊥α/T⊥p in the solar wind, and described
how this temperature ratio depends upon the average flow ve-
locity Uα of alpha particles in the proton frame as well as
β‖p =
8pinpkBT‖p
B20
. (1)
They found that T⊥α/T⊥p > 6 when Uα ≪ vA, that T⊥α/T⊥p
decreases to values of ∼ 4 as Uα/vA increases towards unity
when β‖p ≪ 1, and that the decrease in T⊥α/T⊥p with increas-
ing Uα/vA is much less pronounced when β‖p & 1. (These
general trends are illustrated in Figure 5.) K13 argued that
these observations are consistent with Isenberg & Vasquez’s
(2007) model of resonant cyclotron heating of heavy ions.
In this paper, we address the question of whether these ob-
servations are consistent with stochastic ion heating by low-
frequency turbulence. Chandran et al. (2010) predicted that
stochastic ion heating is less effective when the ions stream
away from the Sun in the proton frame if the majority of the
Alfve´n-wave-like fluctuations propagate away from the Sun in
the proton frame. This is qualitatively consistent with K13’s
observations. In this paper, we develop this idea in a more
quantitative fashion to enable a better comparison between
the stochastic-heating model and spacecraft observations. In
Section 2, we extend the stochastic-heating theory developed
by Chandran et al. (2010) to account for the motion of ions
along B. In Section 3, we use these results to derive an an-
alytic expression for the temperature ratios of different ion
species in the solar wind. We then present theoretical calcu-
lations of how the alpha-to-proton temperature ratio depends
upon Uα, β‖p, and various properties of the turbulent fluctua-
tions. We discuss our results and summarize our conclusions
in Section 4.
2. STOCHASTIC HEATING AND PARALLEL ION MOTION
We model the solar wind as a magnetized plasma con-
taining low-frequency, quasi-2D turbulence. At perpendic-
ular (parallel) lengthscales λ⊥ (λ‖) satisfying ρp ≪ λ⊥ ≪
L, this turbulence has the properties of reduced magneto-
hydrodynamic (RMHD) turbulence, including the inequal-
ity λ⊥ ≪ λ‖, where ρp is the rms gyroradius of the full
proton velocity distribution, and L is the outer scale of the
turbulence. We assume that the turbulence transitions to
kinetic Alfve´n wave (KAW) turbulence at lengthscales .
ρp. By invoking the term “kinetic Alfve´n wave,” we do
not mean to imply that the fluctuations oscillate monochro-
matically or that the turbulence is weak. Instead, we as-
sume that the turbulence is strong and “critically balanced,”
in the sense that the linear and nonlinear operators in the
governing equations are of comparable importance (Higdon
1984; Goldreich & Sridhar 1995; Cho & Lazarian 2004;
Horbury et al. 2008; Schekochihin et al. 2009). The label
“KAW” in the term “KAW turbulence” refers to the nature
of these linear operators, whose eigenfunctions correspond to
KAWs.
We now consider the stochastic heating of ions with
mass Amp and charge Ze, where mp and e are the proton mass
and charge. We make no restriction on whether these ions are
minor ions, alpha particles, or protons. For the moment, we
focus on ions with velocity component v‖ parallel to the back-
ground magnetic field B0 and take v‖ to be approximately
constant over the stochastic-heating timescale, where v‖ is
measured in the average proton rest frame. Eventually, we
will average over v‖, but for now we define Q⊥(v‖), T⊥(v‖),
and ρ(v‖) to be the stochastic heating rate, perpendicular tem-
perature, and rms gyroradius of ions with parallel velocity v‖,
where ρ(v‖) = v⊥(v‖)/Ωi,
v⊥(v‖) =
√
2kBT⊥(v‖)
Amp
, (2)
and Ωi = ZeB0/(Ampc) is the ion cyclotron frequency.
Although the ions may interact with turbulent fluctuations
over a broad range of lengthscales, we only consider the con-
tribution to Q⊥(v‖) from the electric and magnetic-field fluc-
tuations at lengthscales ∼ ρ(v‖). We define δE and δB to
be the gyroscale electric and magnetic fields in the average
proton rest frame. The quantity
δv = c δE×B
B2
(3)
is then the gyroscale E ×B velocity in the average pro-
ton frame. We assume that δB ≪ B0. Neglecting the com-
ponent of δE parallel to the magnetic field and corrections
of order δB/B0, we rewrite Equation (3) in the form δE =
−δv×B0/c. We define the Elsa¨sser variables in the average
proton rest frame as
z
± = δv∓ vA δB⊥B0 , (4)
where δB⊥ = δB − bˆ(bˆ · δB), bˆ = B0/B0, vA =
B0/
√
4pinpmp is the (proton) Alfve´n speed, and np is the pro-
ton number density.
3We define the “v‖ frame” to be the reference frame mov-
ing at velocity v‖bˆ0 with respect to the average proton rest
frame. The gyroscale electric-field fluctuation in this frame
is given by δE′ = δE+ v‖bˆ× δB/c. We take |v‖| and vA to
be ≪ c and thus neglect the difference between B in the v‖
frame and B in the proton frame. The E×B velocity in the
v‖ frame is then given by δv′ = cδE′×B/B2. Neglecting
corrections of order δB/B0, we obtain
δv′(v‖) =
z
+
2
(
1− v‖
vA
)
+
z
−
2
(
1+
v‖
vA
)
. (5)
The stochastic heating rate per unit mass Q⊥(v‖) can now
be obtained in exactly the same way as in the phenomenologi-
cal treatment of Chandran et al. (2010), but replacing their δvi
(the rms value of δv) with δv′rms, the rms value of δv′. This
leads to the expression
Q⊥(v‖) =
c1[δv′rms(v‖)]3
ρ(v‖)
exp
(
− c2
ε
)
, (6)
where
ε =
δv′rms(v‖)
v⊥(v‖)
. (7)
The quantities c1 and c2 are dimensionless constants of order
unity. The derivation of Equation (6) assumes that the ion
thermal speeds are . vA. Assuming that the ion temperature
anisotropies are not very large and that the ion thermal speed
is comparable to the proton thermal speed, this condition is
approximately equivalent to
β‖p . 1. (8)
We return to this condition in Section 3.
We define the gyroscale fractional cross helicity
σ =
〈|z+|2−|z−|2〉
〈|z+|2 + |z−|2〉 , (9)
the gyroscale Alfve´n ratio
rA =
(
B0
vA
)2 〈|δv|2〉
〈|δB⊥|2〉
, (10)
and the quantity
W =
1
4
〈|z+|2 + |z−|2〉 , (11)
where 〈. . . 〉 indicates a time or volume average. If ρ(v‖)≫
ρp, then the gyroscale fluctuations are in the RMHD regime,
δB⊥ = δB to a good approximation, and the E×B velocity
is approximately equal to the component of the average proton
velocity perpendicular to B. In this case, W is the energy of
the gyroscale fluctuations per unit mass. On the other hand,
if ρ(v‖)≃ ρp, then the fluctuations are at the transition to the
KAW regime, bˆ · δB ∼ δB⊥, the protons do not move at the
E ×B velocity, and W differs (by a factor of order unity)
from the energy per unit mass (Hollweg 1999). Upon taking
the rms of the right-hand side of Equation (5), we obtain
δv′rms(v‖) = (χW )1/2 , (12)
where
χ = 2
rA + 1
(
rA +
v2‖
v2A
)
− 2σv‖
vA
. (13)
3. ION TEMPERATURE RATIOS IN THE SOLAR WIND
In the solar wind at heliocentric distances r between 0.3 AU
and 1 AU, the perpendicular temperatures of protons and
alpha particles decrease with increasing r, but not as fast
as they would decrease in the case of adiabatic expan-
sion (Marsch et al. 1982a,b; Hellinger et al. 2013). This im-
plies that there is a competition between adiabatic cooling and
heating and that the heating timescale th is of the same or-
der of magnitude as the cooling or expansion timescale texp =
r/(U + v‖), where U is the proton outflow velocity. We as-
sume that this is true not just for protons and alpha particles,
but for all ion species. We further assume that the dominant
perpendicular ion heating mechanism is stochastic heating, so
that th ≃ v2⊥i/Q⊥, where we have suppressed the dependence
of these quantities on v‖ for brevity. Approximately equating
th and texp leads to the condition
ε−3 exp
(c2
ε
)
≃ c1rΩi
U + v‖
. (14)
A version of this relation with c1 ≃ 1 and v‖ = 0 was previ-
ously obtained by Chandran (2010) in a study of ion tempera-
tures in coronal holes. Because the left-hand side of Equa-
tion (14) is a rapidly varying function of ε, Equation (14)
leads to similar values of ε for different ion species. We illus-
trate this point in Figure 1, which plots the solution of Equa-
tion (14) for plasma parameters characteristic of the slow solar
wind near Earth using the values c1 = 0.74 and c2 = 0.21 ob-
tained in a recent numerical simulation of the stochastic heat-
ing of test-particles in RMHD turbulence (Xia et al. 2013).
When Equation (14) is applied to ions of the same species in
the solar wind with different values of v‖, these variations in
v‖ lead to fractional variations in the right-hand side of Equa-
tion (14) that are small, because the ion thermal speeds are
≪U . Figure 1 shows that small fractional variations in the
right-hand side of Equation (14) lead to extremely small vari-
ations in ε. In the analysis to follow, we make the approxima-
tion that ε is independent of both v‖ and Z/A.
To illustrate how ions can achieve the value of ε needed to
satisfy Equation (14), we consider the hypothetical evolution
of ions that are initially sufficiently cool that ε is larger than
the value in Equation (14). For such ions, th is initially smaller
than texp, and thus heating initially dominates over cooling,
causing T⊥i to increase. In the case of minor ions, this heat-
ing draws a negligible amount of power from the turbulence,
and T⊥(v‖) simply increases until ε decreases to the value in
Equation (14). Stochastic heating cannot increase T⊥(v‖) any
further, because a higher T⊥(v‖) would imply a smaller value
of ε and hence an exponentially smaller value of Q⊥(v‖). In
the case of protons and alpha particles, stochastic ion heating
can drain a significant fraction of the turbulent cascade power,
thereby reducing δv′. For these ions, Equation (14) is in gen-
eral satisfied by some combination of heating of the ions and
damping of the gyroscale fluctuations.
We now estimate T⊥i/T⊥p, the ion-to-proton perpendicu-
lar temperature ratio for ion species i, which we take to have
4FIG. 1.— Stochasticity parameter ε = δv′rms(v‖)/v⊥(v‖) as a function of
Z/A, which is the ion charge-to-mass ratio in units of the proton charge-
to-mass ratio. This value of ε is obtained by solving the ion energy balance
equation, Equation (14), for the case in which c1 = 0.74, c2 = 0.21, B= 5 nT,
U +v‖ = 400 km/s, and r = 1 AU. The weak variation of ε with Z/A justifies
our approximation that ε is the same for all ions at the same location.
mass Amp and charge Ze, as above. We do not attempt to pre-
dict the way that proton and alpha-particle heating alter the
turbulent power spectrum at wavenumbers ∼ ρ−1p . Instead,
we parametrize the dependence of W on ρ(v‖) through the
equation
W =Wp
[ρ(v‖)
ρp
]2a
, (15)
where the constant a is a free parameter, and Wp is a constant
whose value has no influence on our estimate of T⊥i/T⊥p. If
ρ(v‖) and ρp were both in the inertial range of solar-wind tur-
bulence, and if the total energy spectrum were ∝ k−3/2⊥ in
the inertial range, then a would be 1/4. However, we as-
sume that ρ(v‖) is in the range of ρp to a few ρp. At per-
pendicular wavenumbers∼ ρ−1p , there are two effects that in-
fluence the value of a. First, dissipation acts to steepen the
power spectra of E and B fluctuations, thereby acting to in-
crease a. Second, the cross-field motions of electrons and
protons are only partially coupled. This decoupling causes
the electric-field (magnetic-field) power spectrum to flatten
(steepen) at k⊥ & ρ−1p (Bale et al. 2005; Howes et al. 2008;
Schekochihin et al. 2009). Because W contains contributions
from both E ×B velocity fluctuations and B fluctuations,
we conjecture that the decoupling of electrons and protons at
scales ∼ ρp acts to reduce a slightly relative to the value that
would apply at inertial-range scales. We do not attempt to
take these various effects into account and determine the most
accurate or physically reasonable value of a. Instead, we con-
sider a few different values as numerical examples, focusing
on the case in which a= 1/4. To further simplify the analysis,
we treat rA and σ as constants, thereby neglecting any possi-
ble variation in the Alfve´n ratio and fractional cross helicity
over scales between ∼ ρp and ρ(v‖).
Using Equation (12), we re-write Equation (7) in the form
[v⊥i(v‖)]2 = ε−2ηW ηp
(
A
Zw⊥p
)2aη
χη, (16)
where w⊥p is the perpendicular thermal speed of the full pro-
ton distribution, and
η = 1
1− a . (17)
Upon averaging Equation (16) over v‖ and making the approx-
imation that ε is the same for all values of v‖, we obtain
w2⊥i = ε
−2ηW ηp
(
A
Zw⊥p
)2aη
〈χη〉i, (18)
where 〈. . .〉i indicates an average over the v‖ distribution of
species i, w2⊥i = 〈[v⊥i(v‖)]2〉i, and the subscripts i = p and
i = α correspond to protons and alpha particles, respectively.
Applying Equation (18) to the protons, we obtain
w2⊥p = ε
−2Wp〈χη〉1/ηp . (19)
Using Equation (19) to eliminate Wp in Equation (18), we find
that
T⊥i
T⊥p
= A
(
A
Z
)2aη 〈χη〉i
〈χη〉p , (20)
where T⊥i and T⊥p (without the functional dependence on v‖)
are the perpendicular temperatures of the full ion and proton
distributions. We take the v‖ distribution of each ion species
to be a shifted Maxwellian with average parallel velocity Ui
(where Up = 0), parallel temperature T‖i, and parallel thermal
speed defined by w‖i =
√
2kBT‖i/(Amp). Thus,
〈χη〉i = 1√
piw‖i
∫
∞
−∞
dv‖ χη exp
(
− (v‖−Ui)
2
w2‖i
)
. (21)
We now use Equation (20) to calculate the alpha-to-proton
perpendicular temperature ratio. In Figure 2, we illustrate
how T⊥α/T⊥p in our model depends upon Uα, σ, rA, a, and
β‖p for the case in which
T‖α = 5.2T‖p, (22)
which corresponds to the average parallel temperature ratio
measured by the Wind spacecraft in the weakly collisional
solar-wind streams examined by Kasper et al. (2008). As
shown in the upper-left panel of Figure 2, if σ is close to one,
β‖p = 0.1, and rA = 1.5, then T⊥α/T⊥p undergoes a marked
decrease as Uα/vA increases from zero to one, because the
transformation from the average proton frame to the average
alpha-particle frame reduces the amplitude of the electric field
fluctuations, which are the source of the heating. One way
of viewing this is through the expression for the gyroscale
E ×B velocity δv′ in the v‖ frame given in Equation (5).
As v‖/vA increases from 0 to 1, the contribution of the anti-
sunward-propagating z+ fluctuations to δv′ decreases, and the
contribution to δv′ from the sunward-propagating z− fluctua-
tions increases. When σ is close to 1, the dominant effect is
the reduction in the contribution from the z+ fluctuations. In
contrast, as σ decreases to zero, the increase in the contribu-
tion to δv′ from z− becomes increasingly important and can
even cause δv′rms to increase as v‖ increases towards vA.
The upper-right panel of Figure 2 shows how the alpha-to-
proton temperature ratio depends upon Uα for different values
of β‖p. When β‖p is small, the bulk of the alpha particle dis-
tribution can be taken to have velocities ≃Uα. Thus, as Uα
5FIG. 2.— Dependence of the alpha-to-proton perpendicular temperature ratio on the alpha-proton drift velocity Uα, the gyroscale fractional cross helicity σ,
the value of β‖p, the scaling exponent a of the rms fluctuation amplitude at scales ∼ ρp, and the gyroscale Alfve´n ratio rA. For each plot, T‖α = 5.2T‖p . Except
where indicated otherwise, these figures make use of the fiducial parameter values σ = 0.8, β‖p = 0.1, a = 0.25, and rA = 1.5.
increases from 0 to vA, the electric field fluctuations seen by
the alphas weaken considerably when σ is close to one, caus-
ing T⊥α/T⊥p to decrease. On the other hand, if β‖p & 1, then
the parallel thermal speed exceeds vA, the particles are never
localized within a narrow band of v‖/vA values, and there is
thus less of a reduction in T⊥α/T⊥p as Uα/vA increases from 0
to 1. Also, when β‖p & 1 and T‖α > 4T‖p, alpha particles are
more likely than protons to satisfy either v‖ < 0 or v‖ > vA,
which enhances T⊥α/T⊥p relative to the low-β‖p case at all
values of Uα/vA.
The lower-left panel of Figure 2 shows how the alpha-to-
proton temperature ratio depends upon Uα for different val-
ues of a. Larger values of a correspond to a steeper turbulent
power spectrum at wavenumbers of order ρ−1p . Because the
alpha-particle gyroradii are larger than ρp in the solar wind,
increasing a increases the amplitudes of the fluctuations that
heat the alpha particles relative to the amplitudes of the fluc-
tuations that heat the protons, thereby increasing T⊥α/T⊥p.
This effect weakens in the lower-left panel of Figure 2 as
Uα/vA → 1 because T⊥α/T⊥p decreases, thereby reducing the
alpha-particle gyroradii.
The lower-right panel of Figure 2 shows how the alpha-to-
proton temperature ratio depends upon Uα for different values
of rA. The magnetic-field fluctuation in the average proton
rest frame, δB, does not contribute to particle energization
in the average proton rest frame, since the time derivative of
the particle kinetic energy is simply Zev · δE. However, the
electric field in the v‖ frame is δE+∆E, where ∆E = v‖bˆ×
δB/c, and thus δB can contribute to the heating rate in the
v‖ frame through the action of ∆E. The gyroscale Alfve´n
ratio rA controls the relative contributions of ∆E and δE to
the stochastic heating rate. As rA is decreased, ∆E becomes
larger relative to δE, which can lead to an increase in the total
stochastic heating rate as v‖/vA is increased to values∼ 1. On
the other hand, as rA is increased, the contribution of ∆E to
particle heating becomes less important, and the stochastic
heating rate undergoes a smaller increase as v‖ is increased
towards vA.
In Figure 3, we plot T⊥α/T⊥p as a function of Uα/vA
and β‖p for nine different combinations of the parameters rA
and σ. For all panels of this figure, we set T‖α/T||p = 5.2,
as in Equation (22), and a = 0.25. The portion of each plot
with Uα < 0 is obtained by reflecting the upper half of the
plot through the line Uα = 0. The lower half of each plot rep-
resents cases in which B0 is directed towards the Sun, so that
Uα and σ are both negative. Thus, in the upper-right panel of
Figure 3 with the label σ = ±0.4, the value σ = +0.4 corre-
sponds to the upper half of the plot in which Uα > 0, and the
6FIG. 3.— Color-scale plots of T⊥α/T⊥p for different choices of the gyroscale fractional cross helicity σ and gyroscale Alfve´n ratio rA. For all figures, a = 0.25
and T‖α/T‖p = 5.2. These results can be compared directly to the Wind measurements in Figure 2 of Kasper et al. (2013).
value σ = −0.4 corresponds to the lower half of the plot in
which Uα < 0. These plots can be compared to K13’s Fig-
ure 2, which plots, in the same coordinate plane, the aver-
age value of T⊥α/T⊥p in measurements of weakly collisional
solar-wind streams from the Wind spacecraft. However, be-
cause of Equation (8), we have limited our plots to β‖p ≤ 2,
whereas K13’s Figure 2 includes larger β‖p values.
All of the panels in Figure 3 share three features with the
Wind data plotted in K13’s Figure 2. First, 6 . T⊥α/T⊥p . 7
within a band of small-Uα/vA values when β‖p . 1. Second,
T⊥α/T⊥p decreases with increasing Uα/vA at small-β‖p, be-
cause the electric field seen by the alpha particles is reduced
when the alpha-particles drift in the same direction that the
majority of the RMHD fluctuations propagate. Third, this
decrease is less pronounced at β‖p ∼ 1, in part because the
increase in w‖α/vA means that the averaging over v‖ in Equa-
tion (18) increasingly smoothes out the vertical variations in
each panel, and in part because a larger value of w‖α/vA
means that more alpha particles satisfy v‖ < 0 or v‖ > vA,
either of which conditions enhances the electric field in the
v‖ frame. On the other hand, several of the panels in Fig-
ure 3 exhibit enhanced T⊥α/T⊥p values at Uα ≃ vA, which are
not seen in the Wind data. This discrepancy becomes increas-
ingly pronounced as |σ| and/or rA decrease. The ability of our
model to explain the Wind data thus depends on the values of
σ and rA in the solar wind, as we discuss further in Section 4.
In Figure 4 we illustrate how the color-scale plots of Fig-
ure 3 change when we use a larger value of a or a smaller
value of T‖α/T‖p. The left panel of Figure 4 is the same as
the middle plot in Figure 3, except that a has been increased
from 0.25 to 0.35. This increase in a increases T⊥α/T⊥p at
all locations in this plot because of the change in the factor
of (A/Z)2aη on the right-hand side of Equation (20). The
right panel of Figure 4 is the same as the left panel of Fig-
ure 4, except that T‖α/T‖p has been decreased from 5.2 to 4.
The primary effect of decreasing T‖α/T‖p is to shift the plot
towards the right. This is because the averaging over v‖ that
occurs in Equation (20) smoothes out the vertical variations
in T⊥α/T⊥p in these plots when w‖α & vA, and the condition
w‖α = vA is satisfied at larger β‖p when T‖α/T‖p is smaller.
In Figure 5, we average T⊥α/T⊥p over uniform distributions
of |σ| and rA. In particular, we calculate T⊥α/T⊥p for each of
ten values of |σ| evenly spaced between 0.4 and 0.8 (inclusive)
and each of ten values of rA evenly spaced between 1.5 and
2.5 (inclusive), and then we average the resulting 100 values
of T⊥α/T⊥p. For this figure, we set a= 0.25 and T‖α = 5.2T‖p.
Of all the plots in Figures 3 through 5, Figure 5 is the most
7FIG. 4.— Color-scale plots of T⊥α/T⊥p as a function of β‖p and the average alpha-particle velocity Uα. In both panels, the scaling exponent a is 0.35, and the
gyroscale Alfve´n ratio rA is 2. The gyroscale fractional cross helicity σ is 0.6 in the upper half planes in which Uα > 0 and −0.6 in the lower half planes in
which Uα < 0. The parallel temperature ratio T‖α/T‖p is 5.2 in the left panel and 4.0 in the right panel. The color bar in this figure is the same as in Figure 3 to
facilitate comparison of these figures, but the two darkest colors are not used in either panel of Figure 4.
similar to K13’s Figure 2.
We note that K13 found enhanced values of T⊥p/T‖p in the
upper-left and lower-left corners of the plane shown in each of
the plots of Figures 3 through 5. They interpreted this result
within the context of a resonant-cyclotron-heating model as
evidence that when T⊥α/T⊥p is comparatively small (i.e., ∼ 4
rather than∼ 7), the alpha-particles drain less power from the
A/IC waves, enabling the A/IC waves to cause enhanced per-
pendicular proton heating. It is possible that a similar inter-
pretation can be applied within the context of a stochastic-
heating model. In this case, weaker alpha-particle heating
would drain less power from the turbulent cascade, enabling
more energy to cascade to the proton-gyroradius scale and en-
hancing the stochastic heating of protons. However, a direct
prediction of the magnitude of this effect is beyond the scope
of this paper.
4. DISCUSSION AND CONCLUSION
In this paper, we extend Chandran et al’s (2010) theoretical
treatment of stochastic heating to account for the motion of
ions along the background magnetic field. Using this more
general theory, we derive an analytic expression for the ion-
to-proton perpendicular temperature ratio T⊥i/T⊥p in the so-
lar wind under the assumption that stochastic heating is the
FIG. 5.— Color-scale plot of T⊥α/T⊥p as a function of β‖p and Uα averaging
over uniform distributions of |σ| and rA, which vary throughout the ranges
0.4 ≤ |σ| ≤ 0.8 and 1.5 ≤ rA ≤ 2.5. The parallel temperature ratio T‖α/T‖p
is assumed to be 5.2, and a = 0.25. The color bar is the same as in Figures 3
and 4 to facilitate comparison with these figures, but several colors that appear
in this color bar are not needed for this plot.
dominant perpendicular heating mechanism for all ions. This
expression determines the dependence of T⊥i/T⊥p on the av-
erage drift velocity of the ions of species i relative to the
protons, the parallel thermal speeds of both species, the gy-
roscale fractional cross helicity σ, the gyroscale Alfve´n ra-
tio rA, and the scaling exponent a defined in Equation (15),
which characterizes the steepness of the turbulent power spec-
tra at wavenumbers ∼ ρ−1p . Our calculation is restricted to
values of β‖p that are . 1 (see the discussion preceding Equa-
tion (8)).
When applied to alpha particles, our results reproduce three
features of the alpha-to-proton perpendicular temperature ra-
tios measured by the Wind spacecraft in weakly collisional
solar-wind streams (Kasper et al. 2013), at least for certain
values of the model parameters. First, if we set a = 0.25 (the
value that would arise if the electric-field and magnetic-field
power spectra were ∝ k−3/2⊥ at k⊥ρp ∼ 1), then we find that
6 . T⊥α/T⊥p . 7 at small Uα/vA when β‖p . 1. Second,
when β‖p is small, T⊥α/T⊥p decreases markedly as Uα/vA
increases from 0 to 1, provided rA and σ are not too small.
Third, this decrease becomes less pronounced as β‖p increases
to values ∼ 1. On the other hand, if |σ| and/or rA are reduced
sufficiently, then our model produces enhanced values (& 5)
of T⊥α/T⊥p at |Uα| ∼ vA that are not seen in the data. The abil-
ity of our model to explain the data thus depends on the values
of σ and rA in the solar wind. Of all the T⊥α/T⊥p plots shown
in this paper, the one that most closely resembles K13’s Fig-
ure 2 is our Figure 5. In this panel, T⊥α/T⊥p is averaged over
uniform distributions of σ and rA in which 0.4 ≤ |σ| ≤ 0.8
and 1.5≤ rA ≤ 2.5.
Observationally, the distribution of σ and rA values in the
solar wind is not clear. The difficulty is that these quanti-
ties depend upon the E and B fluctuations at scales ∼ ρp,
and at these scales the E measurements are noisy. That be-
ing said, there are some indications that the values of σ and
rA in the solar wind are in the range of values in which
our model compares well with the data. For example, us-
ing Wind data, Podesta & Bhattacharjee (2010) found that the
fractional cross helicity is relatively constant within the in-
ertial range, implying that the gyroscale fractional cross he-
licity σ is typically similar to the fractional cross helicity at
large lengthscales corresponding, e.g., to ∼ 1-hour timescales
in spacecraft measurements. Fractional cross helicities at
∼ 1-hour timescales in the range of 0.4 to 0.8 are com-
mon in the solar wind at r = 1 AU (e.g., Roberts et al. 1987;
Bavassano et al. 2000; Chen et al. 2013). Regarding the gy-
8roscale Alfve´n ratio, measurements from the Cluster space-
craft suggest that rA is slightly greater than 1 at lengthscales∼
ρp and that rA increases to larger values at even smaller
lengthscales (Bale et al. 2005; Salem et al. 2012), a finding
that is similar to results from gyrokinetic simulations of low-
frequency plasma turbulence (Howes et al. 2008). However,
the results of these studies are not fully conclusive, because
of the noise in the electric-field data at scales ρp and be-
cause gyrokinetic simulations have not yet resolved a large
enough range of lengthscales bracketing ρp to guarantee that
the physics at scales ∼ ρp is insensitive to both the large-
scale driving and grid-scale dissipation. Future observational
and/or numerical studies to characterize more precisely the
electric-field fluctuations at lengthscales ∼ ρp would lead to
more rigorous tests of the stochastic-heating model.
Further work is also needed to improve our theoretical treat-
ment of stochastic heating. For example, to simplify the cal-
culation, we have assumed that σ and rA are independent of
scale at scales∼ ρp. In the solar wind, however, rA and possi-
bly σ vary with scale. As in Chandran et al. (2010), we have
assumed that stochastic heating is dominated by fluctuations
at scales comparable to an ion’s gyroradius. In reality, how-
ever, an ion is likely heated by fluctuations with a range of
lengthscales. In addition, we have neglected the possible ef-
fects of temperature-anisotropy instabilities. Such instabili-
ties place upper and lower limits on T⊥/T‖ for both protons
and alpha particles, which could affect the value of T⊥α/T⊥p.
These instabilities become increasingly important as β‖p in-
creases and should be included in future models.
Finally, although we have focused on alpha particles and
protons, we note that our analysis also applies to minor ions.
Observations suggest that minor ions at r = 1 AU have w‖i
values that are similar to w‖α (Bochsler 2007). Figure 3
therefore approximately describes minor ions as well as al-
pha particles, provided one adjusts the color scale to account
for the change in the normalization of T⊥i/T⊥p for different
ion species due to the different values of the factor A(A/Z)2aη
on the right-hand side of Equation (20). Measurements of
T⊥i/T⊥p for ions other than alpha particles, and how T⊥i/T⊥p
depends upon w‖i and Ui, would thus lead to further tests of
the stochastic heating model.
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